ApPENDIX e sTATISTICS

Appendix E 1 - Statistical Methodologies

 [Xu-Feng Niu, Ph. D. (Department of Statistics, Florida State University), and R. Copeland)]   

Test for Seasonality
Kruskal-Wallis (K-W) test—The K-W test (Hollander and Wolfe, 1973) was designed for comparing multiple populations. For this report, there are considered to be either four (winter, spring, summer, and fall) or 12 monthly seasons.  The null hypothesis is:
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Measurements of the particular analyte collected in each season are from

            the same distribution.

The alternative hypothesis is   
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Measurements in the seasons are not from the same distribution.

The basic assumptions for this test are:

i) The measurements from different seasons are mutually independent, i.e., the four (or 12) groups of observations {
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ii) For a given season 
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iii) The four populations are continuous with distribution functions {
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, and the four (or 12) distribution functions are connected through the relationship
[image: image8.wmf]F

x

F

x

i

i

(

)

(

)

=

-

t

. The distributions have the same shape and are different only by a mean shift 
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Under the null hypothesis, we have 
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 or equivalently
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. The test procedure is

1) Combine the observations in the seasons and order them from the least to the largest

2) Let 
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,  i.e., 
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 is the rank sum of the observations in season 
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3) Let 
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. The Kruskal-Wallis (K-W) statistic H is then defined as
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4) For testing the null hypothesis at the 
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 level of significance, reject 
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 where the critical value 
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 can be found in Table A.12 of Hollander and Wolfe (1973).

5) Large-Sample Approximation.  For comparing four populations (k=4), Table A.12 of Hollander and Wolfe (1973) provides critical values for
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 the distribution of statistic H can be approximated by a chi-square distribution with 3 degrees of freedom under the null hypothesis. The test thus can be performed by rejecting 
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.
 Mann-Whitney (M-W) test (or Wilcoxon Rank Sum test)—For testing seasonality of a water quality analyte, one can first perform the Kruskal-Wallis (K-W) test. If the null hypothesis {
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} is not rejected, we may conclude that there is no seasonality in the data. If the null hypothesis is rejected, we need to figure out measurements in which two seasons have different distributions (different means).


For comparing any two populations, the Mann-Whitney (M-W) test can be employed. For example, suppose that we want to compare measurements of a water quality analyte from two different seasons, {
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is the location shift or the difference between the two season.

The Mann-Whitney (M-W) test procedure can be performed as follows: 
1) Combine the observations in the two seasons and order them from the least to the largest

2) Let 
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 is the rank sum of the observations in season 
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3) One-Sided Upper-Tail Test.   To test 
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 can be found in Table A.6 of Hollander and Wolfe (1999).

4) One-Sided Lower-Tail Test.   To test 
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5) Two-Sided Test.   To test 
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6) Large-Sample Approximation.  When 
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The distribution of the statistic 
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 can be approximated by the standard normal distribution N(0, 1).   For the one-sided upper-tail test at the significance level 
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Both M-W test and K-W test are nonparametric tests (also called distribution-free tests) that are applicable to different families of distributions such as normal, log-normal, and other continuous distributions. It should be pointed out that nonparametric tests still require independent observations. In other words, for a given season 
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} need to be independent for the tests to be valid.

Test for Trends

Mann-Kendall (M-K) Test--For each analyte and each given season, the existence of linear upward or downward trends in the data will be determined by the Mann-Kendall (M-K) test (Gilbert, 1987; Hollander and Wolfe, 1973) or the Seasonal-Kendall (S-K) test if seasonality is present.  Regarding the M-K test, consider observations in the 
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1)  Calculate the differences 
            {
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2) Let sign(
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3)   Suppose that we want to test the null hypothesis of no trend in the data against                   

the alternative hypothesis of an upward linear trend at the significance level 
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. We reject the null hypothesis if 
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 can be found in Table A.21 of Hollander and Wolfe (1973). The one-sided lower-tail test and the two-sided test can be performed similarly.

3) Large sample approximation.  When the sample size of the particular analyte
      for a given season is greater than 40 (n>40), normal approximation can be   

     used for the trend testing. Specifically, we have (Gilbert, 1987, Chapter 16)
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     where  
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 is  the number of tied groups and  
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                  If the H0 is true, the statistic 
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  has a standard normal distribution.           

Sen Slope (S-S)--Sen(s nonparametric estimator of slope is based on the Mann-Kendall approach and is intended to identify the slope of data regardless of seasonal influences. The first step is to calculate the number of slope estimates (N) for the time series, where N = [(n)(n-1)/2], and n = the number of observations in the series.  Each slope estimate is determined by: 
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where xj and xi are the values of data collected at times i and j, and j > i.  In other words, the difference in the numerator of equation A5 reflects the change in condition of a sample collected at time j as compared to an earlier sample collected at time i.  If the time intervals are equal, then the denominator of equation A5 becomes a constant and equation A5 results in the differences calculated for the Mann-Kendall test.  


The median of the ranked series is determined as follows:

Sen(s estimator 
= 
median slope,

= 
Q(N + 1)/2              if N is odd,

= 
( (QN/2 + Q(N + 2)/2) if N is even.


A two-sided test for confidence on the slope is determined using the table of the cumulative normal distribution.  At an α = 0.10, the Z1-α/2 is 1.64.  This value from the table is compared to
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The value of n is the number of samples in the time series, q is the number of ties, and tp is the number data in the pth group (the number of multiple samples in group p).

For the example, n = 5 samples, q, the number of tied groups = 0, and tp, the number of ties in the pth group = 0.   

Time Series Models and Estimation of Trends--Recall assumptions i, ii, and iii. If one of the three assumptions fails, results from the test methods may not be valid. The observations of a particular water quality analyte are collected in a time order and hence likely to be temporally correlated. Thus for trend analyses, one or more of the assumptions may not be valid. With this consideration in mind, the test methods described so far should only be used for initial data analysis. For a formal trend analysis, time series models should be considered.

Time series models are widely applied to data analyses in many fields of economical, biological, physical, and social sciences (Box and Jenkins, 1976; Brockwell and Davis, 1991; Pankratz, 1991; Tsay, 2002). Let {
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} be the quarterly measurements of a water quality analyte at a given sample well. We may consider the following regression 
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where {
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} are random noises that may follow an autoregressive and moving-average (ARMA) model.  A special class of ARMA models is the autoregressive type of models that have the form:
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where  p is the order of the autoregression, {
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The models in (A7) and (A8) can be fitted simultaneously by the SAS or the Splus statistical packages. The coefficients in the models can be estimated by the maximum likelihood methods. Different hypotheses on the coefficients can be tested by model comparison. For example, we test the null hypothesis
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which is equivalent to comparing model (A?) with the model
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Similarly, we may test different hypotheses on the slopes {
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Transformations--Notice that in model (A8), the random errors 
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Missing data and censored data--Missing data will cause some problems in time series analysis.  Here are two ad hoc ways to impute missing data in a time series:

1) Suppose that 
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2)  Another way is to impute 
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 by the sample mean of the same season. For example, if the time t is a spring quarter,  
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 can be imputed by the sample mean of  the spring quarter observations in the series. The same way can be applied to monthly data.

In water quality data analysis, censored data are usually caused by the minimum detection limit (MDL) of analytical laboratories. A popular way is to impute censored data by MDL/2 or to simply use MDL. 

Appendix E 2—Macro Codes For Mann-Kenall and Sen Slope 

Macro Codes for Mann-Kendall Analysis

macro

mk x

mcolumn x diffs y freqs wp S VarS Z p temp

mconstant i j k m nx nx1 ny y1 y2 xname lab1 lab2

mreset

notitle 

brief 0

noecho

kkname xname x

kkset lab1 "          Ho: No trend in "

kkcat lab1 xname lab2

let nx = n(x)

if nx lt 10

  brief 2

  Note

  note   ***  Error  *** The number of observations in the data set must 

  note                   be greater than or equal to 10 for the Normal 

  note                   Approximation method to produce valid results.   

  note  

  note  *** Macro Exiting  ***

  note

  note

  goto 100

endif

let nx1 = nx-1

let m = 1

do i = 1:nx1

  let k = i + 1

  do j = k:nx

    let diffs(m) = x(j)-x(i)

    let m = m+1

  enddo

enddo

tally x ;

  store y wp.

sign diffs y

tally y;

  store y freqs.

let ny = n(y)

if ny = 1

  if y = -1

    let S = -1*freqs

  elseif y = 0

    let S = 0

  elseif y = 1

     let S = Freqs

  endif

elseif ny = 2 

  let y1 = y(1)

  let y2 = y(2)

  if y1 = -1 and y2 = 1

    let S = freqs(2) - freqs(1)

  elseif y1 = -1 and y2 = 0

    let S = -1*freqs(1)

  elseif y1 = 0 and y2 = 1

    let S = freqs(2)

  endif

elseif ny = 3

  let S = freqs(3) - freqs(1)

endif

let VarS =((nx*nx1*(2*nx+5)) - sum(wp*(wp-1)*(2*wp+5)))/18

if S > 0

  let Z = (S-1)/sqrt(VarS)

elseif S = 0

  let Z = 0

elseif S < 0

  let Z = (S+1)/sqrt(varS)

endif   

cdf Z p

let p = 1-p  ### p-value for upward trend.

title

mtitle "Mann-Kendall Trend Test using the Normal Approximation"

mtitle lab2

notitle

note

brief 2

print Z ;

   format('The calculated Z = ', f9.4).

print p;

   format('For Ha: Upperward trend, the p-value = ', f8.5).   

cdf Z p  ### p-value for downward trend

print p;

   format('For Ha: Downward trend, the p-value = ', f8.5).   

Note    The Normal approximation is valid only for data sets where n >= 10

copy nx temp

print temp;

  Format('   For the given data set, n = ', I5).

mlabel 100

endmacro

Macro Codes for Sen Slope

macro

sens X;

season sn.

mcolumn X slope medslope

mconstant i j k m nX nX1 xname ss ttl1 ttl2 ttl3 ttl4 sn

mreset

notitle

if season = 0

  let nX = n(X)

  let nX1 = n(X) - 1

  let k = 1

  do i = 1:nX1

    let m = i + 1

    do j = m:nX

      let slope(k) = (X(i)-X(j))/(i-j)

      let k = k + 1

    enddo

  enddo

  let medslope = median(slope)

  text medslope medslope;

    maxwidth 20.

  let ss = medslope(1)

  kkname xname x

  kkset ttl1 "Sen's Slope for "

  kkset ttl2 " = "

  kkcat ttl1 xname ttl3

  kkcat ttl3 ttl2 ttl4

  kkcat ttl4 ss ttl3

  let medslope(1) = ttl3

  mtitle "Sen's Slope"

  write medslope

else

endif

endmacro

_1128779595

_1128783321

_1128787967

_1128788842

_1128789341

_1128848313

_1189594299

_1189594301

_1189594302

_1128848484

_1128848714

_1128849545

_1128848674

_1128848411

_1128789865

_1128848208

_1128789715

_1128789046

_1128789189

_1128789278

_1128788449.unknown

_1128788474

_1128788720

_1128788788

_1128788088

_1128788228

_1128788329

_1128788044

_1128784009

_1128784752

_1128784772

_1128784264

_1128784558

_1128784045

_1128783377

_1128783733.unknown

_1128783339

_1128780302

_1128782236

_1128782529

_1128783159

_1128782486

_1128780470

_1128782087

_1128780386

_1128779739

_1128779879

_1128780141

_1128779801

_1128779698

_1128779727

_1128779607

_1128701659

_1128778058

_1128778967

_1128779461

_1128779514

_1128779423

_1128779442

_1128779386

_1128779042

_1128779331

_1128778790

_1128778881

_1128778481.unknown

_1128778125.unknown

_1128702603

_1128777830

_1128778040

_1128702676

_1128702287

_1128702401

_1128701698

_1128700311

_1128700734

_1128701557

_1128701643

_1128700881

_1128700455

_1128700617

_1128700419

_1128700016

_1128700053

_1128700078

_1128700113

_1128700032

_1128698594

_1128698904

_1128697887

_1128697923

